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1. Introduction. 

The present paper is a sequel to [1] , in which we presented an improvement of [2] 
giving Gelfand-Zethn construction of irreducible representation of Uq{sl{N)) at roots 
of unity independently of their nature. We have shown that it is possible to describe the 
periodic, semi-periodic, nilpotent, usual and some atypical representation ofVlq{sl{N)) 
by the fractional parts formalism. However, atypical representations generally need a 
special treatment. 

The Gelfand-Zetlin basis in the form [1] is not yet totally adapted for atypical 
representation [3]. This has to be compared with the fact that, for superalgebras, the 
atypical representations are more difficult to describe with the Gelfand-Zetlin than the 
typical ones: the atypical representations of some superalgebras or quantum superal- 
gebras were obtained, for example, [4, 5] in the case of gl{n\l) and [6] in the case of 
Uq{gl{2\2)), but the general case is not yet treated. 

Note that the paper [7] provides the atypical representations of V(q{sl{3)). The 
matrix elements of Uq{sl{3)) given by this formalism do not contains denominators, and 
do not generate divergence when g"^ = 1. A classification of irreducible representations 
of Uq{sl{3)) was done in [13, 14]. 

The purpose of this paper is to provide a procedure that enables the construction 
of general atypical representations suitably adapted the Gelfand-Zetlin basis. 

In section 2, we give a simple example of explicit construction of the flat (no 
multiplicity) representations for Uq{sl{3)) and we present the general idea for the con- 
struction of atypical representation of Uq{sl{N)). The atypical case of Uq{sl{3)) is 
presented in details in section 3. 

2. The Primitive Gelfand-Zetlin basis. 
2.1. The quantum algebra l{q{sl{N)). 

The quantum algebra Uq{sl{N)) [8, 9] is defined by the generators ki, k^^ , e^, fi 
{i = 1, - ■ ■ ,N — 1) and the relations 



kiCj — Q Cjki, ki fj — Q fj ki , 



[gj, Cj] = for I?; - j| > 1 , 
eiei±i - {q + q~^)eiei±ie^ + e^±iej = , 
fffi±i - (g + q-')fifi±ifi + fi±if! = , 



The two last equations are called the Serre relations, and (a^ )ij-=i,...,jv-i is the Cartan 
matrix of sl{N), i.e. 



a 



1-3 



( 2 ioT i = j 

—1 for j = i±l 

. for \i — j\ > 1 



(2.2) 



Let us now define the adapted Gelfand-ZetUn basis for the representations of 
Uq{sl{N)), the corresponding states are called primitive vectors of Gelfand-Zetlin 
pattern. 

2.2. Primitive Vectors of the Gelfand— Zetlin basis. 



The states are 



Pin 



\P) 



P2N 



Pn-i,n 



Pnn 



PlN-1 



Pn-i,n-i 



(2.3) 



Pl2 



P22 



Pll 



(with respect to [2] , we use Pij — hij — i instead of hij ) . The primiti'Vie Gelfand-Zetlin 
basis [10] is labelled by ^N{N + 1) numbers Pij. When q is generic, the first line of 
indices determines the highest weight of the representation. The states (2.3) within the 
same module l^([p]iv) are distinguished by , i,j = l,...,N—l, which assume values 
consistent with the triangular inequalities 



Pi,j+i -Pi,j e z+, 

Pi,j - Pi+i j+i - 1 e z+, z, j = 1, TV - 1, 



or. 



Pi,3 + \ >Pi3 >Pi+l,j+l- 

The dimension of V{\p]n) is given by 

JV-l N 



dimV{[p\N) 



1 [ n (PiN-PjN) 
1=1 j=i+l 



JV-1 



HiN-iy. 



(2.4) 



(2.5) 



(2.6) 



i=l 



2.3. The primitive representation 

The action of the generators k^^, e/ and fi {I = 1, 2, N — 1) is given by 

^''"^^g W;P) (2.7) 

where jpj/ ± 1) denotes the state differing from \p) by only pji — > pji ± 1, and 

l+i 

1=1 

z-i 

P2{jl;p) = JJ[£i,b,,z (2.8) 
t=i 

I 

PsUhp) = ll[eijipi,i -Pj,i)]'^^[eijipi,i-Pj,i + 1)]'/', 

i = l 

£y being the sign defined by 

I 1 for i < j 

(2.9) 




In the following, we take to be a root of unity and pij are integers. We re- 
strict ourself to the quantum Lie algebra, where the raising and lowering operators 
are nilpotents, i.e. e^* = f^^ = and where the Cartan generators hi are such that 
kf^ = {q'^*)"^ — 1 (representations of this case were studied by Lusztig [15]). Let m 
the smallest integer such that q"^ = 1. We will consider only the case of odd m in this 
paper. A similair discussion is valid when m is even. 

We consider here the quantum analogue of classical (highest weight and lowest 
weight) irreducible representations with a highest weight that obeys 

Pin -Pnn > m, (2.14) 

when q"^ = 1 these representations are not always irreducible, since some new singu- 
lar vectors arise in the corresponding Verma module, that are not obtained from the 
highest weight vector by action of the translated Weyl group. Quotienting by the sub- 
representation generated by the singular vector leads to new irreducible representations 
that we call atypical by analogy with the case of superalgebras. 



2.4. A example of flat representation 

In [1], we have introduced some parameters to break the symmetry between the 
actions of e; and fi. They were taken to be 0, 1/2 or 1. A good choise of these 
parameters permits the eUmination of the singular vectors (these singular vectors are 
states arising in the r.h.s of (2.7) but do not obey to the triangular inequalities) in 
a natural way. If an equal number of factors in numerators and denominators are 
simulaneously equal to zero, and if the vector from r.h.s of (2.7) is a singular vector, 
we can ajust these parameters such that the number of zeroes in numerator is superior 
to the number of zeroes in denominator. This procedure describes successfully the flat 
representations [1, 11, 12, 13, 14], i.e. when 



PiN-PNN = m + l. 



(2.10) 



For example, the representations of Uq{sl(2>)) of dimension 7 for m = 3 (pis = 4, 
P23 = 2, = 0) is described by 

fi\p) = i\pii-P22-l]\ 



1 /2 

, [Pl3 - Pl2 + 1] [Pl2 - P23 - 1] [Pl2 - P33 - 1] \ r II 1\ 

/2b) = \ TTT \ bl2 -Pll]|Pl2 - 1) 



+ 



bl2 - P22 - 1] bl2 - P22] y 

1 /2 

bl3 - P22 + 1] [^23 - P22 + 1] [pii - P22] ^ 



bi2 - P22 + 1] bi2 - P22] 
ei \p) = bi2 - pii] f bii - P22]] bii + 1) > 



b22 -P33 - l]b22 - 1), 



1 /2 

I \ / bi3 - P12] bi2 - P23] bi2 - P33] V I , 1 \ 

^2\P)=\ 7 —77 bl2 + l) 



+ 



bi2 - P22 + i]bi2 - P22] ) 

1/2 

bis - P22] b23 - P22] bii - P22 - 1] \ 



bi2 -P22 - i]bi2 -P22] 



we remark that 



P22 + 1), 



(2.11) 



/i 





(2.12) 



and 



ei 





(2.13) 



the others states form just the irreducible representation of dimension 7 (no multiplic- 
ity). A similair methode describe also the representation of dimension 18 for m = 5 
(Pi3 = 6, P23 = 2, P33 = 0) (see the figure in [11]). 




2.5. Atypical representations and adaptation of the Gelfand— 
Zetlin basis 

Let rjji and rj^i be respectively the numbers of zero of Pi{jl;p) P2{jl;p) and 
P^{il;p). We note that the maximum value of rf'-^ is / — 1. If a primitive vector 
from the r.h.s of (2.7) does not belong to the module under consideration, then the 
corresponding term is zero {rjji > rj'-j) . If an equal numbers of factors in numerators 
and denominators are simultaneously equal to zero {r]ji = they should be cancelled 
out and the corresponding primitive vector here belongs to the module. If ryj^ > ry^/, 
the matrix elements of fi are undefined. In the next, we will give how to eliminate 
the divergences of the matrix elements using change of bases. This method will be 
illustrated on a simple example in section 3. 

Suppose 

r]ji = 0, and -q'ji = I - 1, l<j<l (2.15) 

i.e. 

Pi,l+i -Pji + 1^0[m], 1 < z < Z + 1, l<j<l, 
Pji-Pi,i-i^O[m], l<j<l, l<i<l-l, 
Pil-Pjl = 0[m], l<j<l, l<i<l, 

thus, there exists (3i, P2, ■ ■ ■ , Pi-i £ such that 

Pi,l - Pi+i,i = Pim, l<i<l-l 
Pi,l - Pj,l = {Pi + Pi+i H \- Pj-i) m, j > i. 

The action of // over a state satisfying (2.16) produces in the r.h.s of (2.7) a set of 



(2.16) 



states {\p[i ■ ■ -p'-i ■ ■ -pii), 1 <i <l}, where 

Pil + {Pi-\ H Pi-i) m for i>l 



Pa = 



Pil — 1 for i = 1 

Pii-1- {Pi-\ h Pi-i) m for i> 1 



(2.18) 



Pii — 1 for i = 1 

this set is caUed a set of type pu — 1 or ({1}, {2, • • • , I}). 

Definition.!. Let a state satisfying 

Pii-Pii±p = 0[m], i = 2,---,l, l<\p\<m-l, 
Pil - Pji ^ [m], i, j = 2, Z. 



(2.19) 



This state is called a state of type pn or ({1}, {2, • • • , I}). Define the operation 

^iiilPii ■ ■ -Pil ■ ■ -Pii)) = \Pu ■ ■ -Pil ■ ■ -Pii) (2.20) 

where 

{Pil + {Pi + h A-i) m for i>l 
(2.21) 
Pil for 1 = 1 

{Pi/ - (A H h A-i) m for i>l 
(2.22) 
pii for i = 1 

This operation is called exchange mapping of level / centered on 1, and the set 
{\Pii ' ' 'Pil' ' 'Pii)j 1 < i < 1} is of type pn or ({1}, {2, ■ ■ ■ , /}). This set of states has 
the same eigenvalues for the Cartan operators (degenerate states) and has to satisfy 
the triangular inequalities. 

Lemma. Let a state satisfy the condition (2.19), and let {{p'n • • -p'^ ■ ■ -pii), 1 < ^ < ^} 
he the set of all states obtained by action of the mapping 7r{^ over this state. This set is 
isomorphic to a set obtained by action of the mapping tt^^^ over a state of type type 
Pm« !)• 

Proof. Let a state be of type ({1}, {2, • • • , /}, i.e. 

Pn-Pii±P = 0[m] i = 2,---,l, l<\p\<m-l, 
Pil - Pjl = [m] ^ 7^ 1 and j ^ 1, 



and, let 

T^\iS\Pn '"Pixi" -Pii)) = \Pii ±/3"'Pt,iTP" -Pii) 



The state in the r.h.s is of type p^i ^ (3 {ji ^ 1), and 

= (2-23) 

All states of the set (2.18) are obtained by action of the mapping 'n\^ over the 
state \pii — 1 ■ ■ ■ Pii ■ ■ ■ pii) . Using this notation, the action of fi is 

fi\ Pi{jl; p) P2{jl; p) , , , V 

= 1^ — p^Uhp) — ■ ■ ' ' '^"^ ^ ^ ^ 

We note that the number of zero in the polynomials P3{jl; p) is I — 1. 
Definition. 2. Let a set be of state of type ({1}, {2, • • • , I}), i.e. 

Pii-pu±(3^0[m], 2<i<l, l<\(3<m-l, 

and, let the new basis be given by 

I 

\p'ii-Pii-Pii) = Yl II P'li-P'ji-Pii) (2-25) 

where, D is a I x I rotation matrix, i.e. 

D\D = D.D^ = 1. (2.26) 

This new basis is called the modified basis of type ({1}, {2, • • • , I}). The primitive 
and the modified sets satisfy the triangular inequalities (2.5). 

The finiteness of the matrix elements {p\eifi\p) and {p\fiei\p) (preserve [e/, //] = 
) imply that there exists a modified basis such that the new matrix elements are 
without divergences. Using this definition, the equation (2.24) is reduced to 

I , I 



f\\ ^^^^^'^ ^2(i^; p) \ w I I \ 

= SIS PMk P) " ■ 

I 

= X^^ii \\p'ir--Pir--Pii) 



1=1 

where. An are the new matrix elements associated to the modified basis, i.e. 

^"=±^^^^D,,. l<i<,. (2.28) 



this matrix elements are called the modified matrix elements. Generally, we choose 

\U PiUhp) ) ' (2.29) 
Aii = Q 2<i<l, 



I.e. 

^T^^ ) \\Pn-l---Pu)- (2.30) 

We note that the matrix element of (2.30) is finit (i.e. without divergences). 
We are now able to claim this generalization, 

Definition. 3. Let a collection {I^, /c e J C N} of subsets of {1, • • • , 1} satisfying the 
following conditions: 

1. if k < s Vz e Ifc Vj e Is thus i < j, 

2. Ife n Is = 0, if k^s, ^2 31) 

3. U Ifc = {l,---, Z}, 

fee J 

and, where 

Pil -Pjl= [m], ije Ik, i < j, 

Pil - Pji ^ Cks [m] ielfc, jGls k < s, I <\Cks\ < rn-1. 

This state is called a state of type (Ife, A; e J C N). Let 7r|.g.y be the exchange 
mapping of level I between the subsets Ik and I^ (k < s), i.e. if 

Pil - Pji = Cks + (A + Pi+i H H Pj-i) m (2.33) 



we have 



with 



^ks;iji\Pii ■ ■ -Pil ■ ■ -Pji ■ ■ -Pil)) = \Pii ■ ■ -Pil ■ ■ -Pji ■ ■ -Pil) (2-34) 



Pil = Pji + (A + Pi+1 H ^ Pj-i) m=pu+ Cks, 

p'ji = Pil - {Pi + Pi+i H \- Pj-i) m = Pji - Cks, 



(2.35) 



The operators ki commutes with exchange mapping 'K]^s-ij- \p) state satisfying 
(2.32) and (2.33). Defme 

Vi{Ik,keJ)^{ Yl ^k^sMA\Pir--Pir--Pjr--Pii)) } (2-36) 



The set Vi (Ifc, /c G J C N) is obtained hy the aU possible changes between the different 
subsets Ifc (/c G J). We note that the all states of Vi (1^, /c G J C N) have the same 
eigenvalues for the Cartan operators. 



For example, 

J = {1}, Il = {1, •••,/}, dimVi = l, 

J = {1,2}, Ii = {l}, l2 = {2,---, Z}, dimVi = l, 

J = {1,2}, Ii = {l, 2}, l2 = {3,---, Z}, dimVi = ^l{l-l). 

Definition. 4. Let a new basis given by 

I 

\pii ■ ■ -Pii ■ ■ -pii) = Yl II p'^i ' ' 'p'ji ' ' '-P") (2-^'') 

i=i 

where the states \p'ii ■ • ■ p'u • ■ ■ Pii) are in the set V/ (I/., A; G J C N) and D is a 
dim Vi X dim Vi rotation matrix. This new basis is called the modified basis of 
type (Ifc, A; G J C N) . We note that the primitive and the modified bases satisfy the 
triangular inequalities. The set of states \\ p\i ■ ■ -p'ji ■ ■ -pu) is noted by Vi (Ik, /c G J C 
N). 



— ^ ({1},{2, 0) — ^ ({1},{2, 0) 

fl '■ 
({1, 2},{3,---, I}) 

fl 

({1, 2, 3},{4,---, I}) 



Fig. 2: different transition between the type of sets in the case of Uq{sl{N)) . 

Using the definition 3, the action of fi over a modified state of type ({1}, 
{2, • • • , /}) produces two sets of states respectively of type ({1}, {2, ■ ■ • , /}) and 
({1, 2}, {3,---, I}). The matrix elements of ({1}, {2, • • • , I}) ({1}, {2, • • • , I}) 



do not contain divergences (see the structure of Psijl; p))- But if the matrix ele- 
ments of ({1}, {2, ■ ■ ■ , /}) — i> ({1, 2}, {3, ■ ■ ■ , /}) contain somes divergences, using of 
the definition 4 we take a rotation in this second set in such a way as to ehminate 
these divergences ( {p\eifi\p) and {p\fiei\p) have to remain finit). We have to repeat 
this mechanism as far as the ehmination of the all divergences of the Gelfand-Zetlin 
representation. 

3. Applications. 

In the following, we present in details the explicit construction of atypical repre- 
sentation for = 3. We will consider only the operator fi and /2, a similar discussion 
is valid for ei and 62- The primitive Gelfand-Zetlin state for this particular case is just 



\P) = 



Pl3 P23 P33 

P12 P22 ) (3.1) 

Pll 



where ^33 is choosen equal to zero. The actions of the generators /i and /2 for Uq{sl{3)) 
are given by 

fl\p) = i\pi2-pil + l]bll -P22 - 1]) ' \P11 - 1) (3.2) 



1 /2 

<• I V /[Pl3 -Pl2 + 1][P12 -P23 - 1][P12 -P33 - 1][P12 I 1\ 

h\P) = F ff 7\ \Pl2 - J-), 

V \P12 - P22\ \P12 - P22 - IJ / 2^ 

^ f \pi3 -P22 + 1][P23 -P22 + 1][P22 -P33 " l][Pll -^22] ^^^, _ ^> 
V bl2 - P22] \P12 - P22 + 1] j 22 ■ 

We note that in this case there are only two type of sets ({1, 2}) and ({1}, {2}) and 
the maximal number of zero in the denominator of the matrix elements is only one. 

Now suppose that 



Pi3 - Pj2 + 1 ^ [ m ], 1 < i < 3, and 1 < j < 2, 
Pi2 -Pii ^ [ m ], 1 < i < 2, 



(3.4) 



I.e. 

Vi2 = m2 = 0. (3.5) 
The matrix elements of /2 are infinite if 

(a) Pi2 -P22 = [ m ], 

(b) Pi2-P22 + l = 0[m], (3.6) 

(c) Pl2 -P22 - 1 = [ m ]. 



({1,2}) — ^ ({1},{2}) — ^ ({1},{2}) 



/2 



({1, 2}) 



({1},{2}) 



Fig. 3: different transition between the type of sets ({1, 2}) and 
({1},{2}) in the case ofUq{sl{3)). 

Case (a). Let a state satisfy the following conditions 

Pi2 - P22 = [ m ] or Pi2-P22 = P m (3 e Z+ 



(3.7) 



i.e. 



V'i2 = V22 = 1- 
The action action of f2 on this state give 



f2\pi2 P22) 



K 



([m][m- 1])V2 



X72 bi2 - 1 P22) + 



K 



(3.8) 



([m][m + !])!/ 



XTabia P22 - 1), (3.9) 



where 



« = I bl3 - P22 + 1] \P2Z - P22 + 1] [P22 - P33 - 1] bll - P22] 



1/2 



(3.10) 



Using the definitions 3 and 4, the relation between the primitive and the modified 
states is 



\pi2 - 1 P22) 
\p22 + /3 m P12-I- P m) 



D{4>) 



II P12 - 1 P22) 
P22 + f3 m P12-I- P m) 



I.e. 



\P12 - 1 P22) \ / II P12 - 1 P22) 

= m 

\Pl2 P22 - 1) / \ II P12 P22 - 1) 



(3.11) 



for any values of pn satisfying the triangular inequality respectively for the primitive 
and the modified basis, and where 



D{ct>) = 



cos sin 
— sin (f) cos I 



(3.12) 



Finally, 



/2IP12 P22) = n 



COS (p sm (p 

([m][m- l])i/2 ~~ ([m][m + l])V2 

sin (/) ^ cos (f) 



([m][m-l])V2 ([m][m + l])V 



I P12 - 1 P22) 
P12 P22 - 1) 



(3.13) 



Using the trivial identity, 



a + 11 ^ [g- 1] ^ ^ 



choose 



cos I 



[2] [a] [2] [a 

r 11 \ 1/2 

[m — 



[2][m 

The r.h.s of (3.13) is reduced to 



sm( 



[m + 1] 
[2][m] 



1/2 



(3.14) 



(3.15) 



1 /2 

\ , [2][pi3 -P22 + l]b23 -P22 + l]b22 -P33 - l]bll -P22]\ II l\ 
/2bl2 P22) = -r TTT II Pll P22-1)- 



bi2 - P22 - 1] bi2 - P22 + 1] 



(3.16) 



This equation correspond to the transition ({1, 2}) —>■ ({1}, {2}). 

In this case the action of /i over the modified Gelfand-Zetlin basis is given by 

1/2 



( bl2 -Plllbll -P22 - 1] 1 II P12 - l)pii-l if Pll7^P22 + l 



/i II P12 - 1) = s 



/ \ 1/2 

b22-l)pii-l 



if Pll = P22 + 1 

(3.17) 



and 



( bl2 -Pll + l]bll -P22] J II P22 - l)pii-l if Pll7^P22 + l 



/l II P22 - 1) = < 



( ^i2r ) b22 - i)pii-i 



if = P22 + 1 

(3.18) 



(3.20) 



Remark. If 

Pi2 - P22 + 1 = [ m ] i.e. Pi2-P22 + l = Pm {(3 e Z+) (3.19) 
the relation between the primitive and the modihed basis is given by 
\pi2 P22) \ / COS0 sm4)\ / \\p12 P22) 

\pi2 + 1 P22 - 1) / \ - sin cos / \ II P12 + 1 P22- 1) 
where 

cos0=f— I^^i^^i^V^', sin0=f [f^^^-^^^ + '] V^'. (3.21) 

^ V[2][P12-P22 + 1]; ^ V[2][pi2-;>22 + i]; ^ ^ 

Case (b). For a state satisfying the condition 

P12 - P22 + 1 = [ m ] i.e. P12 - P22 + 1 = /3 m (/3 G Z+) (3.22) 

the correspondance between the primitive vectors and the modified vectors is given by 
the following formulas 

P12 P22) \ /cos0 -sin0\ / \pi2 P22) 

(3.23) 




P12 + 1 P22 - 1) / \sin(/) cos(/) / \ |pi2 + 1 P22 - 1) 



where (p is given by (3.21 ). If we take a extension of the definition of the modified 
formula 

II P12 - 1 P22) \ ( \pi2 - 1 P22) 

P22 + /3 m P12 - 1 - /3 m) / V |p22 + P m pi2 - I - (3 m) 



I.e. 



P12-I P22) \ / COS0 -sin(/)\ / |pi2 - 1 P22 




(3.24) 

P12 + 1 P22 - 2) y \ sin (j) cos y \ |pi2 + 1 P22 - 2) 
the action of f2 over the modihed states is reduced to 

f2 II P12 P22) = 

bl3 -Pl2 + 1][P12 -P23 - 1][P12 -P33 - l]bl2 II \ (3-25) 

Pl2 — 1 P22I 



\P12 -P22]\pi2 -P22 - 1] 

and 

f2 II Pl2 + 1 P22 - 1) = 

1/2 

bl3 -P22 + 2][p23 -P22 + 2][p22 -P33 - 2][pii -7?22 + 1] V II ,1 o\, 

r —Tyu Tq^ Pl2 + lp22-2) + 

\Pl2 - P22 + 2J [pi2 - P22 + 3J J 

1 /2 

[2] bl3 - P22 + 1] ^23 - P22 + 1] ^22 - P:i3 - 1] [Pll - P22] \ , . \ 

F TT \Pl2 P22 - i-) 

bl2 -P22j[Pl2 -P22 +2J J 

(3.26) 



We note that the state \pi2 P22 ~ 1) of type ({1, 2}). The equations (3.25) and (3.26) 
correspond respectively to the transitions ({1}, {2}) — > ({1}, {2}) and ({1}, {2}) — > 
({1},{2}) + ({1, 2}). 

Remark. For example, the action of /2 over the extension (3.24) gives 
/2 II P12 - 1 P22) = 

1/2 

[Pl3 - P12 + 2] [pi2 - P23 - 2] [pi2 - P33 " 2] [pi2 - Pll - 1] \ 



bl2 -P22 - l]bl2 -P22 - 2] y " 2 P22)+ (-3 27) 

1 /2 

[Pl3 -P22 + l]b23 -P22 + l]b22 -P33 - l]bll -P22]\ II 1 1\ 

F TTf ^ P12 - -1- P22 - -L; 

bi2 - P22 - ij bi2 - P22J / 

where 

II P12 - 2 P22) \ / bi2 - 2 P22) 

= ^(-<^) I (3.28) 

II P22 + /5 TO P12 - 2 - /3 m) y \ b22 + P m pi2 - 2 - (3 m) 

II Pi2 - 1 P22 - 1) \ / bi2 - 1 P22 - 1) 

P22 - I + P m pi2 - 1 - P m) J \ \p22 - 1 + TO pi2 -1 - P m) 

(3.29) 

Case (c). Tiic discussion is similar to the case (b). Let a primitive state satisfy the 
following condition 

P12 - P22 - 1 = [ TO ] in P12 - P22 - 1 = /5 TO (/? e Z+) (3.30) 
Define 

II P12 P22) \ ( \pi2 - 1 P22) 

= D{-4>) 

P22 + P m pi2 - P m) J \ \p22 + /9 TO P12- 13 m) 

I.e. 



||Pl2 P22) \ / COS0 -sin0\ / \pi2 P22) 

P12 - 1 P22 + 1) / \ sin cos / \ bi2 - 1 P22 + 1) 

and take the extension 

/ II P12 P22 - 1) \ / bi2 - 1 P22 - 1) 

= D{-ci>) 

\ II P22 - 1 + /? TO P12 - /? to) / \ b22 - l^ 13 m P12- 13 m) 



(3.31) 



i.e. 



\\P12 P22 - 1) \ /COS0 -sin(/)\ / |pi2 P22 - 1) 

Pi2 - 2 P22 + 1) / \ sin COS / \ |pi2 - 2 ^22 + 1) 



where 



b5l2-P22 

COS = I -r-TY^ '—TT I , sm 

2 \pi2 -P22- 



We obtain 



1/2 / r r,i \ 1/2 



and 



(3.32) 



0=f7#^^^^^l • (3.33) 
^ V[2][pi2-P22-l]y' ^ ^ 



/2 II P12 P22) = 

[Pl3 -Pl2 + 1][P12 -P23 - 1][P12 -P33 - 1][P12 II i\ (^•^^) 

f T7 — n I P12 P22 - 1) 

LP12 -P22j[Pl2 -P22 + IJ / 



/2 II P12 - 1 P22 + 1) = 

1 /2 

[Pl3 - P22 + 1] b23 - P22 + 1] b22 - P33 - 1] \pil - P22] \ 11^^2-2^22 + 1) + 

bl2 -P22]bl2 -P22 + 1] / (3.35) 

1 /2 

[2] bl3 - P12 + 1] bl2 - P2:', - 1] bl2 - P-SA - 1] bl2 - \ I 1 \ 
^ 77 7^. bl2 - 1 P22) 

bi2 - P22 bi2 - P22 - 2 / 



We note that the state bi2 — 1 P22) is of type ({1, 2}). The equations (3.34) and (3.35) 
correspond respectively to the transitions ({1}, {2}) — > ({!}, {2}) and ({!}, {2}) — > 
({!}, {2}) + ({l, 2}). For example, this method describes successfully the representation 
of Uq{sl{3)) of dimension 15 for m = 3 {pi3 = 5, P23 = 2, ^33 = 0). 
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